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The authors examine the problem of the mathematical simulation of 
heterogeneous processes in a fluidized-bed reactor. 

The theoretical analysis of the fluidized-bed pro- 
cess is complicated, in the first place, by our ignor- 

ance of the hydrodynamic situation in the reactor. It 
is precisely the hydrodynamics that determine the 
trajectories of the suspended polymer particles (we 
are considering the process of polymer chlorination 
in a fluidized bed), but since, other things being equal, 

the trajectory of a particle uniquely determines the 

degree of chemical reaction, two problems naturally 
arise. 

Io Determination of the trajectories of the particles. 

2. Determination of their degree of chlorination. 

As far as we know, the first problem has not yet 
been solved; therefore we are obliged to assume some 

hydrodynamic situation in the reactor. On the basis 
of the published data [2], we will assume that the 

particle mixing process is described by the convec- 
tive dif fus ion  equat ion 

Om = D O~rn uJ am O - ~ x . < H ,  O - ~ t < ~ ,  (1) 
ot m ~ + "  o--X-' " 

with the c o r r e s p o n d i n g  in i t i a l  and bounda ry  condi t ions  

m (x, 0) = 6 ( x - -  0), 

0_~m (H, t ) = 0 ,  O m ( o , t ) +  w m(0, t ) = 0 ,  (2) 
Ox Ox Deft 

s ince  a l l  the  p a r t i c l e s  i n t roduced  into the  equipment  
at z e r o  t i m e  wil l  be i n i t i a l l y  c o n c e n t r a t e d  a round  the 
in le t  to the a p p a r a t u s  at  the  point  x = 0~ 

W i e n e r  [3] and Ko lmogorov  [4] have  shown that  a 
knowledge  of equat ions  of t h i s  type  is  suf f ic ien t  to 
d e t e r m i n e  the p r o b a b i l i t y  d i s t r i b u t i o n  of the p a r t i c l e  
t r a j e c t o r i e s ,  or,  as  it  i s  sa id ,  to in t roduce  a m e a s u r e  
in t r a j e c t o r y  space .  It is  obvious  a p r i o r i  that  not a l l  
t r a j e c t o r i e s  a r e  equ ip robab le .  F o r  example ,  i t  is  i m -  
p r o b a b l e  tha t  al l  the p a r t i c l e s  i n t roduced  into the r e -  
a c t o r  at z e r o  t i m e  wil l  i m m e d i a t e l y  l e a v e  it .  It i s  a l so  
i m p r o b a b l e  that ,  if the  p r o c e s s  is  cont inuous,  al l  the  
p a r t i c l e s  wi l l  r e m a i n  in the  r e a c t o r  fo r  an indef in i te  
t ime~ 

On the  o t h e r  hand, i t  i s  obvious  that  in such p r o -  
c e s s e s  i t  i s  not  enough to know the p a r t i c l e  d i s t r i b u -  
t ion with r e s p e c t  to dwel l  t i m e  in o r d e r  to give a 
unique a n s w e r  to the  ques t ion  of the  d e g r e e  of c h l o r i n -  
ationo F o r  example ,  suppose  a c e r t a i n  ch lo r ine  vo lume 
concen t r a t i on  p r o f i l e  has  been e s t a b l i s h e d  in the  r e -  
ac to r ;  then,  a s  m a y  be seen  in the f igu re ,  even though 
two t r a j e c t o r i e s  begin  and end at  the  s ame  t i m e  (0, t 0) 
(i. e . ,  the  c o r r e s p o n d i n g  p a r t i c l e s  r e m a i n  in the  r e a c -  

t o r  fo r  the s a m e  p e r i o d  of t ime) ,  they  m a y  s t i l l  t r a v e l  
th rough  d i f f e ren t  p a r t s  of the r e a c t o r  with d i f f e r en t  
ch lo r ine  c o n c e n t r a t i o n s  C* and hence  m a y  be  d i f f e r e n t -  
ly  ch lo r ina t ed .  

T h e s e  s i m p l e  c o n s i d e r a t i o n s  d e m o n s t r a t e  the  n e c e s -  
s i ty  for  tak ing  the  p a r t i c l e  t r a j e c t o r i e s  into account .  
The m e a s u r e  in t roduced  in t r a j e c t o r y  space  has  m a n y  
of the  p r o p e r t i e s  of the length  of a s e g m e n t .  F o r  ex-  
ample ,  i t  m a k e s  s ense  to speak  of the  i n t e g r a l  ove r  
t r a j e c t o r y  space .  In p a r t i c u l a r ,  a l l  the  bounded and 
cont inuous  func t iona l s  (i. e.,  funct ions  in which the 
r o l e  of independent  v a r i a b l e  is  p l ayed  by the t r a j e c t o r y ,  
e. go, the  amount  of ch lo r ine  a b s o r b e d  by a p a r t i c l e  
wi th  a g iven  t r a j e c t o r y )  a r e  i n t e g r a b l e  with r e s p e c t  to 
th i s  m e a s u r e .  

We wi l l  now c o n s t r u c t  a m a t h e m a t i c a l  mode l  of the  
p r o c e s s .  F r o m  the t echn ica l  s tandpoin t  i t  m a k e s  sense  
to c o n s i d e r  only the s t a t i o n a r y  p r o c e s s  in  the  fo l low-  
ing two v a r i a n t s :  

I. The concen t r a t i on  of ch lo r ine  in the gas  phase  
C*(x) i s  kep t  at  a given leve l  a long the e n t i r e  length  
of the  r e a c t o r .  

II. The c onc e n t r a t i on  of c h l o r i n e  at  the r e a c t o r  in-  
le t  C*(0) is  given for  a known fluid f low ra t e .  

In both p r o b l e m s  i t  i s  r e q u i r e d  to d e t e r m i n e  the 
ch lo r ine  content  of the p o l y m e r  p a r t i c l e s  l eav ing  the 
equipment .  

We wil l  c o n s i d e r  v a r i a n t  I~ In th i s  c a s e  t h e r e  a r e  
t h r e e  p o s s i b i l i t i e s .  

1. The p r o c e s s  at  an ind iv idua l  g r a i n  p r o c e e d s  in a 
r e g i o n  i n t e r m e d i a t e  be tween  the i n t r ad i f fu s iona l  and 
the  k ine t i c .  In th i s  c a se  we have  the  fol lowing equa-  
t ions  fo r  the  m a s s  ba l a nc e  i n s ide  the  g ranu le  (for 
s i m p l i c i t y  the t e m p e r a t u r e  ins ide  the g ranu le  i s  a s -  
sumed  constant ) :  

OC 
- -  = D A C - - f ( C , n ) ,  
Ot 

d Q  = f (Cl, n), 
dt 

dn 
- -  = ~ (C1, ~ )  ; (3 )  
dt 

the c o r r e s p o n d i n g  bounda ry  and in i t i a l  condi t ions  a r e  

OC (t, 0) = 0, C (t, R) = C* (x), c (o, r) = O, - g  r 

C,(0, r) = 0 ,  n(0) =no. (4) 

F o r  a p a r t i c l e  with f ixed t r a j e c t o r y  x(t) the boundary  
condi t ion  t a k e s  the  f o r m  C(t, R ) =  C*(x(t)), i . e . ,  the 
content  of f r e e  and bound ch lo r ine  in the p a r t i c l e  at any 
momen t ,  and in p a r t i c u l a r  when it  l e a v e s  the  r e a c t o r ,  
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i s  in fac t  d e t e r m i n e d  e x c l u s i v e l y  by  the  p a r t i c l e  t r a -  
j e c t o r y ;  consequent ly ,  the  d i s t r i b u t i o n  of the  p r o d u c t  
wi th  r e s p e c t  to d e g r e e  of ch lo r i na t i on  is  d e t e r m i n e d  
by the m e a s u r e  in t r a j e c t o r y  space .  

2. The p r o c e s s  on an ind iv idua l  p o l y m e r  g r a nu l e  
p r o c e e d s  in the  k ine t i c  r eg ion .  (This can be ach ieved  
by r e d u c i n g  the  s i ze  of the  g ranu le .  ) In th i s  c a s e  the 
c oncen t r a t i on  of f r e e  c h l o r i n e  in the  p a r t i c l e  p o r e s  
m a y  be a s s u m e d  not  to depend on the d i s t a n c e  to the 
b o u n d a r y  of the  p a r t i c l e  (the v a r i a b l e  coo rd ina t e  is  the  
r ad iu s )  and is  equal  to the concen t r a t i on  of ch lo r ine  in 
the  gas  phase  at t ha t  poin t  of the  r e a c t o r  w h e r e  the  
p a r t i c l e  happens  to be loca ted .  Of cou r se ,  th is  a s s u m p -  
t ion is  p e r m i s s i b l e  only  at  r e l a t i v e l y  s m a l l  p a r t i c l e  
v e l o c i t i e s ,  at which equa l i z a t i on  of the  f r e e  ch lo r ine  
c o n c e n t r a t i o n s  i n s ide  the  p a r t i c l e  p r o c e e d s  m o r e  
r a p i d l y  than v a r i a t i o n  of the  concen t r a t i on  of c h l o r i n e  
in the  gas  phase  at the bounda ry  of the  p a r t i c l e  due to 
i t s  mot ion .  In p r a c t i c e  th i s  s i t ua t ion  i s  o b s e r v e d  at 
s m a l l  va lue s  of the  mix ing  coef f i c ien t  D e f  t and a s m a l l  
l i n e a r  p a r t i c l e  ve loc i ty  w. Then the l a s t  two equa t ions  
of s y s t e m  (3) with the  c o r r e s p o n d i n g  in i t i a l  condi t ions  
C~(0) = 0, n(0) = n~ a r e  suf f ic ien t  to  d e s c r i b e  the  m a t e r -  
ia l  ba l ance  in s ide  the  p o l y m e r  g ranu le .  Here ,  C 1 does  
not  depend  on r and i s  cons tan t  o v e r  the  en t i r e  vo lume 
of the  p a r t i c l e .  Of c o u r s e ,  the  amount  of bound c h l o r -  
ine  in the  p a r t i c l e  a l so  depends  on the p a r t i c l e  t r a j e c -  
t o r y ,  which i s  i m m e d i a t e l y  ev ident  f r o m  Eqs.  (3). 

3. The p r o c e s s  at  the  ind iv idua l  g r anu l e  p r o c e e d s  
in the  i n t r ad i f fu s iona l  r eg ion .  This  m e a n s  tha t  the  
r a t e  of supply  of f r e e  ch lo r ine ,  d e t e r m i n e d  by i n t e r -  
nal  diffusion,  i s  much  lower  than the r a t e  of the  
c h l o r i n e  addi t ion  r e a c t i o n .  Consequent ly ,  the  en t i r e  
ch lo r ine  addi t ion p r o c e s s  p r o c e e d s  at the  i n t e r f a c e  
be tween  a s u r f a c e  f i l m  of c h l o r i n e - s a t u r a t e d  p o l y m e r  
and the r e s t  of the  p o l y m e r  which i s  c h l o r i n e - f r e e .  In 
th is  c a s e  the r a t e  of the p r o c e s s  i s  d e t e r m i n e d  by the 
r a t e  of d i f fus ion of f r e e  c h l o r i n e  th rough  the s a t u r a t e d  
p o l y m e r  f i lm,  and the r a t e  of g rowth  of the f i lm  i s  
d e t e r m i n e d  by the r a t e  of v a r i a t i o n  of the  amount  of 
added chlorine and the chlorine saturation conce~tra- 

tion. Mathematically, the process is described as 

follows: the equation of diffusion of free chlorine 

through the film is 

OC 
- -  D A C  (5) 

at 

with the in i t i a l  condi t ion 

C (0, r) = 0 

and the b o u n d a r y  condi t ions  

c (t, ~) = c*  (x (0), 

c (t, R ~ d t ) )  = o, (6) 

w h e r e  Rin(t) i s  the  ins ide  boundary  of the  s a t u r a t e d  
f i lm.  

The equat ion  for  the  in s ide  bounda ry  is  

dRin _ D a c  (t, r____~) 1 (7) 
dt  Or 4 n C s a t R ~ n  

at the  poin t  r = Rin(t) .  Here ,  Csa  t is  the s a t u r a t i o n  
concen t r a t i on .  

Thus,  in th i s  c a s e  i t  i s  n e c e s s a r y  to so lve  the equa-  
t ion  of d i f fus ion  in  a s p h e r i c a l  r i n g  with v a r i a b l e  in-  
s ide  bounda ry  Rin(t) ,  the  va lue  of Rin(t  ) be ing  found 
f r o m  Eq. (7). The c h l o r i n e  content  of the  p a r t i c l e  a l so  
depends  on the t r a j e c t o r y ;  th is  r e l a t i o n  i s  found f rom 
one of bounda ry  condi t ions  (6). 

ir --- 

~t 

x 

O* 

Trajectories of particles with the same resi- 

dence time. The curve on the right represents 

the chlorine distribution along the reactor. 

In all these cases the measure in trajectory space 

determines the particle distribution function with re- 

spect to degree of chlorination. Moreover, in order 

to maintain a given concentration profile of gas-phase 

chlorine it is necessary to supply a certain amount of 

chlorine along the length of the reactor, this amount 

being determined from the chlorine material balance 

equation for an element of reactor volume; the quan- 

tity of chlorine absorbed from this volume by the par- 

ticles depends on the measure in trajectory space. 

Further details of the material balance equation and 

methods  of n u m e r i c a l  so lu t ion  a r e  given below.  
Le t  us  c o n s i d e r  v a r i a n t  l I .  The c h l o r i n e  c o n c e n t r a -  

t ion at the  equ ipment  in le t  C*(0) i s  given.  Ch lo r ine  i s  
not  made  up along the length  of the r e a c t o r .  He re  again  
t h r e e  c a s e s  a r e  pos s ib l e ,  but  we wil l  c o n s i d e r  only  
c a s e  1. 

For the individual particle we have Eqs. (3) with 
boundary conditions (4). We construct the material 

balance equation for an element of the reactor volume~ 

We denote by qT(x, x, t) the amount of chlorine ab- 

sorbed by a single particle introduced into the equipment 
at time T (the so-called T-particle) with trajectory 

~'(t) in the reactor zone from $ = 0 to ~ = x in time t. 

It is obvious, for example, that q~ (x, H, l--z) = 
R 

=4n~C(r,t--T) r2dr ; then the amount of chlorine 
0 

absorbed by that particle in the reactor zone (x, x + dx) 

in time (t, t + dr) is given by 

q, (x, x + dx, l + dr) - -  q~ (x, x - -  dx, t) - -  

- - q ~ ( ~ , x ,  t - + A t )  + q~(~, x, t) = 

o - -  

= 8 - q ~ ( x ' x  ' - - 0 1 A x ' t + O 2 A t )  h x h t .  

Ox Ot 

The amount  of ch lo r ine  a b s o r b e d  in the zone (x, x + 
+ Ax) in t i m e  (t, t + At) by a l l  the v - p a r t i c l e s  i s  e x -  
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p r e s s e d  by the  i n t e g r a l  of t h i s  func t iona l  ove r  t r a 3e c -  
t o r y  space  with m e a s u r e  p~- def ined  by  Eq. (1): 

{~ 0 2 q,~ 
A x A t  J T x o t ( x , x + O ~ A x ,  t+O~At)d~r 

[x] 

F o r  the s t a t i o n a r y  c a s e  the  c h l o r i n e  m a t e r i a l  b a l -  
ance equat ion has  the  f o r m  

t 

- ~  I X ]  

w h e r e  V is  the  vo lume r a t e  of supply  of gas  phase .  
Thus,  fo r  the s t a t i o n a r y  c a s e  the  m a t h e m a t i c a l  mode l  
of the  p r o c e s s  is  r e p r e s e n t e d  by a s y s t e m  of equa t ions  
of the  f o r m  

ac (t, r) 
D AC-- f (C,n) ,  

at 

dC~ = f (C, n), 
dt 

dn 
_ = ~ ( q , , r  
dt 

t 

- ~  [xJ 

with the c o r r e s p o n d i n g  b o u n d a r y  and in i t i a l  condi t ions  

c (o, r ) =  o, ~ (t, O) = o, C (t, R) = C* (x), 
or 

c1 (o, r) = O, C* (0) = C o, n (0) = n:. 

We wi l l  now tu rn  to c e r t a i n  ques t ions  connec ted  with 
the  so lu t ion  of  such p r o b l e m s .  

VARIANT I 

The g a s - p h a s e  c h l o r i n e  concen t r a t i on  p ro f i l e  o v e r  
the  he igh t  of the  r e a c t o r  i s  m a i n t a i n e d  by  m e a n s  of a 
d i s t r i b u t o r .  It i s  r e q u i r e d  to d e t e r m i n e  the d e n s i t y  
funct ion of the p roduc t  with r e s p e c t  to ch lo r ine  content  
fo r  a g iven ch lo r ine  concen t r a t i on  p ro f i l e .  At the s a m e  
t i m e ,  of cou r se ,  the fol lowing e x t r e m a l  p r o b l e m  
a r i s e s :  to d e t e r m i n e  the "op t ima l "  ch lo r ine  concen-  
t r a t i o n  p ro f i l e  in s o m e  sense ,  i . e . ,  the p r o f i l e  such 
that  the p roduc t  is  m o s t  u n i f o r m  in compos i t i on  (for 
example ,  th i s  p r o f i l e  c o r r e s p o n d s  to the m i n i m u m  
v a r i a n c e  of the  d i s t r i b u t i o n  function).  

VARIANT II 

The concentration of chlorine in the gas supplied to 

the equipment (the gas is supplied from below) is given. 

In this case some concentration profile is established 

over the height of the reactor in the stationary regime~ 

The problem consists in determining this profile and 

the distribution function (in the same way as in prob- 

lem I). At the same time, two extremal problems 

arise: a)to achieve maximum chlorine conversion, b) 

to achieve a chlorine supply such that the product is 

uniform~ 

We will determine the algorithm of the numerical 

solution. Since in both cases in order to solve this 
problem we need to know the particle trajectories, we 
shall first discuss a method of trajectory construction. 

We select a time interval At. At the instant t k = 
= kAt let the particle be in position x k. Then the prob- 

ability distribution for its position at the instant tk+ j 

is given by the solution ~k+t(At, x) of Eq. (i) with 
boundary conditions (2) and the initial condition 6(• - 

- Xk) .  
We then c o n s t r u c t  a r a n d o m  n u m b e r  g e n e r a t o r  

which  m a k e s  i t  p o s s i b l e  to d e t e r m i n e  Xk+ 1 f r o m  a 
given d i s t r i b u t i o n  funct ion.  In th i s  way we c o n s t r u c t  
the  p a r t i c l e  t r a j e c t o r y ,  not ing tha t  x0 = 0 a lways .  The 
t r a j e c t o r y  ends at  x k = H. Obviously,  the s m a l l e r  At, 
the  m o r e  a c c u r a t e l y  t h e t r a j e c t o r y  wil l  be cons t ruc t ed .  
M o r e o v e r ,  we a s s u m e  tha t  ove r  the  e n t i r e  i n t e rva l  
At f r o m  the  ins t an t  t k the p a r t i c l e  is  in pos i t i on  x k, 
i . e . ,  we a p p r o x i m a t e  the  t r a j e c t o r i e s  with s tep  func-  
t ions .  

SOLUTION OF PROBLEM I 

Let  the  p a r t i c l e  have  a t r a j e c t o r y  x(t),  c o n s t r u c t e d  
by the me thod  d e s c r i b e d  above.  We so lve  Eq. (5) on 
the i n t e r v a l  [t k, tk+ 1] with the  c o r r e s p o n d i n g  in i t i a l  
and b o u n d a r y  condi t ions  

Cf~ (t k, r) = C~-1 (tk-t + A t, r), 

ack  (o, t) = o, ck (4 R)  = c *  (x~). 
Or 

The ch lo r ine  content  of the  p a r t i c l e  when it  l e a v e s  
the  equ ipment  is  

R 

= ~ 4n  r 2 CN: i  (tN--i -'l- A t, F) dr, q 
o 

w h e r e  N is  the  n u m b e r  of s t eps  for  the g iven  t r a j e c -  
t o ry .  

Having computed  q for  a suf f ic ien t  number  of p a r t i -  
c les ,  we obta in  s o m e  a p p r o x i m a t i o n  of the  p a r t i c l e  
d i s t r i b u t i o n  funct ion with r e s p e c t  to the  d e g r e e  of 
ch lo r ina t ion .  The e x t r e m a l  p r o b l e m  c o n s i s t s  in f ind-  
ing the  funct ion C*(x) tha t  m i n i m i z e s  the v a r i a n c e  D 
of the  p a r t i c l e  d i s t r i b u t i o n  function with r e s p e c t  to the 
d e g r e e  of c h lo r i na t i on  for  a g iven mean  value of the  
ch lo r ine  content  of the p a r t i c l e s .  A pprox ima t ing  C*(x) 
with a s tep  funct ion,  we find that  D = D(x 1, x 2, . ~  
Xn), i. Co, the p r o b l e m  r e d u c e s  to m i n i m i z a t i o n  of a 
funct ion of n v a r i a b l e s ,  which  i s  not v e r y  compl i ca t ed ,  
but a r a t h e r  c l u m s y  computa t iona l  t a sk .  

SOLUTION OF PROBLEM II 

This  can be  r e d u c e d  to a sequence  of p r o b l e m s  I: 
We a s s i g n  the a r b i t r a r y  p r o f i l e  C*{x) .  We solve  the 
mod i f i ed  p r o b l e m  I, but  in addi t ion  we ca l cu l a t e  how 
much ch lo r ine  is  " cap tu red"  by  al l  the  p a r t i c l e s  in -  
t r o d u c e d  at  t ime  ~" f r o m  the i n t e r v a l  [xk,  Xk+l]~ In 
view of the s t a t i o n a r i t y  of the p r o c e s s  th is  amount  of 

I'BY th i s  we u n d e r s t a n d  p a r t i c l e s  i n t roduced  into the  
r e a c t o r  dur ing  the i n t e r v a l  f rom t to t + At. 
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chlorine i s equal to the amount absorbed in that interval 

by all the particles in the interval [x k, Xk+t] during 

time At (correct to a multiplier). We denote this 

amount of chlorine, referred to unit volume of a re- 

actor of length [x k, Xk+l], by qk. This quantity shows 
what the difference C~+ I - C k should be. Knowing 

C~(0), we can construct the function C~*(x). As the 
second approximation we take the function C~ = 

= aC'l* +fiC~*, where a and fl > 0, a + p = I. 
The choice of a and fi is based on considerations 

relating to accelerated convergence of the itera- 

tion process. This process is repeated until 

The particle distribution function with respect to 

chlorine content is obtained automatically in the last 

step~ The optimization problem formulated for this 

case above is similarly solved~ 

NOTATION 

m(x, t) i s  the  m a s s  of p a r t i c l e s  in a unit  vo lume ,  H 
is the height of the reactor; t is the time; x is the co- 

ordinate along the reactor; Deft is the mixing coef- 

ficient; C(t, r) is the free chlorine concentration in the 

particle; r is the coordinate along the particle radius; 

n is the free radfcal concentration; C I is the bound 
chlorine concentration; I/ is the power of the source; 
C*(x) is the concentration of chlorine in the gas phase; 

w is the particle velocity; D is the diffusion coeffic- 

ient. 
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